Front. Comput. Sci. China 2011, 5(2): 205–215
DOI 10.1007/s11704-011-0109-8

RESEARCH ARTICLE

Type-2 fuzzy description logic
Ruixuan LI (✉)1, Kunmei WEN1, Xiwu GU1, Yuhua LI1, Xiaolin SUN1, Bing LI2
1 Intelligent and Distributed Computing Laboratory, School of Computer Science and Technology, Huazhong University of Science and Technology,
Wuhan 430074, China
2 State Key Laboratory of Software Engineering, Wuhan University, Wuhan 430072, China

© Higher Education Press and Springer-Verlag Berlin Heidelberg 2011

Abstract Description logics (DLs) are widely employed
in recent semantic web application systems. However,
classical description logics are limited when dealing with
imprecise concepts and roles, thus providing the motivation for this work. In this paper, we present a type-2 fuzzy
attributive concept language with complements (ALC)
and provide its knowledge representation and reasoning
algorithms. We also propose type-2 fuzzy web ontology
language (OWL) to build a fuzzy ontology based on type2 fuzzy ALC and analyze the soundness, completeness,
and complexity of the reasoning algorithms. Compared to
type-1 fuzzy ALC, type-2 fuzzy ALC can describe
imprecise knowledge more meticulously by using the
membership degree interval. We implement a semantic
search engine based on type-2 fuzzy ALC and carry out
experiments on real data to test its performance. The
results show that the type-2 fuzzy ALC can improve the
precision and increase the number of relevant hits for
imprecise information searches.
Keywords description logic (DL), type-2 fuzzy attributive concept language with complements (ALC), fuzzy
ontology, reasoning, semantic search engine
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Introduction

The semantic web was proposed by Berners-Lee in 1991
and gained rapid development in the following two
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decades [1]. Ontology, is a formal knowledge representation, and plays a very important role in many semantic
web applications, such as semantic search systems [2].
Description logic (DL) [3] is usually employed to
represent the knowledge and logic of an ontology. It
represents the knowledge of an application domain by
deﬁning the relevant concepts of the domain (terminology) and using these concepts to specify properties of
objects and individuals that belong to the domain (world
description). In the family of knowledge representation
formalisms, DLs have the powerful ability of describing
knowledge that makes it express the information more
easily in different application domains [4]. DLs are
considered the most important knowledge representation
formalism unifying and giving a logical basis to the well
known traditions of frame-based systems, semantic networks and KL-ONE-like languages, object-oriented
representations, semantic data models, and type systems.
The prototypical DL attributive concept language with
complements (ALC) was introduced by Schmidt-Schaubß
and Smolka [5] in 1991, and is the basis of many more
expressive DLs.
A majority of semantic web applications use ALC like
classic DLs to represent the knowledge and reason on the
ontology. Heﬂin et al. [6,7] propose SHOE that can ﬁnd
semantic annotations from web pages. Guha et al. [8] have
developed Tap, which applies the technology of semantic
web to Google to increase the quality of the retrieval.
Users can get the results offered by Tap only if the query
matches the individuals belonging to its ontology. Ding
et al. [9,10] have designed Swoogle for information
retrieval in structured documents, such as resource
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description framework (RDF) [11] and web ontology
language (OWL) [12,13]. Nevertheless, it cannot be
integrated into a traditional search engine easily. At
present, more and more semantic web application systems
are designed using ontologies based on classic DLs.
However, classical DLs can only deﬁne crisp concepts and
properties. The certainty reasoning of classic DLs only
returns true or false as the answer of the inference. It
cannot deal with fuzzy information that meets the
application requirements in real world ontology systems.
To address the above problem, fuzzy DLs are presented
by extending the classic DLs to support the imprecise
information processing in ontology systems. To the best of
our knowledge, most of the fuzzy logic systems (FLSs)
are based on type-1 fuzzy sets, which were proposed by
Zadeh in 1965 [14]. The fuzzy sets have recently been
applied to DLs and ontology Systems. Without a reasoning algorithm, Meghini et al. [15] proposed a preliminary
fuzzy DL as a tool for modeling multimedia document
retrieval. Straccia et al. [16] presented a formalized fuzzy
ALC (FALC) in 2001, which is a type-1 fuzzy extension
of ALC. They also extend SHOIN(D), the corresponding
DL of the standard ontology description language OWL
DL, to a fuzzy version [17,18]. Li et al. [19,20] also
present a fuzzy extension of DLs, named ALCH, and
some reasoning technique for the extended fuzzy DLs.
They also study the family of extended fuzzy DLs [21].
Jiang et al. [22] presented a fuzzy description logic
framework based on certainty lattices. Its main feature is
that an assertion is not just true or false as in classical
description logics, but certain to some degree, where the
certainty value is taken from a certainty lattice. Jiang et al.
[23] also gave an integration of the theories of
intuitionistic fuzzy DLs and rough DLs by providing
intuitionistic fuzzy rough DLs based on intuitionistic
fuzzy rough set theory. Hajek [24] presented a version of
fuzzy description logic based on the basic fuzzy predicate
logic BL and reduced the problems of satisﬁability,
validity and subsumption of concepts to problems of fuzzy
propositional logic that can be decidable for any
continuous t-norm. In the ﬁeld of combining fuzzy set
theory with information search, Jin et al. [25] proposed a
special ranking mechanism based on the weighed fuzzy
query representation, and formulated user’s search request
through tightly combining fuzziness together with the
user's subjective weighting importance over multiple
search properties.
However, there are some limitations to type-1 fuzzy

DLs. They cannot describe the imprecise knowledge of
the concepts and individuals by membership degree
interval. For example, we may say that the degree of a
person at the age of 30 being a young person is between
0.6 and 0.9, rather than using a value, such as 0.85, to
represent the degree. These types of limitations make it
difﬁcult for FALC and fuzzy SHOIN(D) to express
complex fuzzy information clearly. To address these
issues, we propose a type-2 fuzzy ALC and give the
syntax, semantics and the reasoning algorithm for the
type-2 fuzzy ALC [26]. We also propose the type-2 fuzzy
OWL to build the fuzzy ontology based on type-2 fuzzy
ALC logic and analyze the soundness, completeness and
complexity of the reasoning algorithm. Compared with
type-1 fuzzy ALC, type-2 fuzzy ALC can describe
imprecise knowledge more rigorously through using
membership degree intervals. In addition, we present a
semantic search engine framework based on type-2 fuzzy
ALC and carry out experiments on real data to test the
performance of the proposed approach. The results show
that the type-2 fuzzy ALC can improve the precision and
increase the number of relevant hits for imprecise
information search.
The main contributions of this paper are as follows:
● First, we propose the syntax and semantics of a type2 fuzzy extension of ALC, and provide the formal axioms,
which enable users to represent imprecise information in
semantic web applications.
● Second, we provide reasoning algorithms in type-2
fuzzy ALC and discuss the soundness, completeness, and
complexity problems.
● Third, we present a formalized ontology description
language, type-2 fuzzy OWL, based on type-2 fuzzy ALC.
It is a feasible implementation of type-2 fuzzy ALC using
classical semantic web standards.
● Fourth, we design and implement a semantic search
system based on type-2 fuzzy ALC and carry out
experiments to demonstrate its performance.
Section 2 gives the basic concepts of typical ALC
description logics and the preliminary introduction of
type-1 fuzzy ALC. Section 3 presents the syntax and
semantics of type-2 fuzzy ALC. Section 4 gives the
reasoning algorithms in type-2 fuzzy ALC. The type-2
fuzzy OWL, an implementation of type-2 fuzzy ALC, is
discussed in Section 5. Section 6 designs a semantic
search framework using a type-2 fuzzy OWL ontology.
We follow this with conclusions and some potentially
interesting future directions in Section 7.
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2

Preliminary

2.1

Basic concepts of description logics

A knowledge system based on description logics provides
facilities to set up a knowledge base, and operate and
reason on the knowledge base. A knowledge base
comprises two components: TBox and ABox [27].
TBox introduces the terminology, i.e., the vocabulary of
an application domain, while ABox contains assertions
about named individuals in terms of the speciﬁc
vocabulary. The vocabulary consists of concepts denoting
sets of individuals and roles indicating binary relationships between the individuals. The description logic used
in the knowledge system should not only store the
terminologies and assertions, but also provide services for
reasoning on the knowledge base.
Description logics are a family of formal knowledge
representation languages. They model concepts, roles,
individuals, and their relationships [3]. A description logic
system is characterized by four fundamental aspects: the
set of constructs used in concept and role expressions, the
kind of assertions allowed in TBox (assertions on
concepts) and ABox (assertions on individuals), and the
inference mechanisms for reasoning on both TBox and
ABox. The classiﬁcation of concepts in description logics
determines sub-concept relationships (called subsumption
relationships in description logics) between the concepts
of a given terminology, or super-concept relationship.
Thus, it allows users to structure the terminology in the
form of a subsumption hierarchy. This hierarchy provides
useful information in the connection between different
concepts, and it can be used to speed-up the inference
services.
2.2

Typical ALC and type-1 fuzzy ALC

The attributive concept language with complements
(ALC) [5] is the fundamental basis for many other
expressive description logics. ALC concepts and roles are
built as follows. Suppose that A denotes set of atomic
concepts, C denotes set of complex concepts deﬁned by
descriptions and R denotes set of roles. Starting with: 1)
A, B 2 A; 2) C, D 2 C and 3) R 2 R. The concept terms
in TBox can be deﬁned as the following formats
inductively: C ⊑ f (A, B, R, ⊓, ⊔, 8, 9, ?, ⊤) (partial
deﬁnition), and C  f (A, B, R, ⊓, ⊔, 8, 9, ?, ⊤) (full
deﬁnition), where ? and ⊤ are two special atomic concepts
named bottom concept and universe concept, respectively.
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The syntax and semantics of ALC constructors have
previously been presented in [3].
As we have mentioned, classic description logics, such
as ALC, cannot deal with the imprecise information that
becomes a popular requirement in real world systems. For
example, an individual can only belong to one concept to
some extent, or an axiom can only be true to a certain
degree in terms of a concept. To solve these types of
problem in description logics, FALC, an extension of
ALC with fuzzy features, is presented to support fuzzy
concept representation [16]. FALC uses a certain value of
numeral to describe the fuzziness of the concepts and
individuals. We call this type of FALC as type-1 fuzzy
ALC.
Similarly, A, C and R are deﬁned as sets of atomic fuzzy
concepts, complex fuzzy concepts, and fuzzy roles in
FALC, respectively. It is easy to prove that C ⊓ D, C ⊔ D,
¬C, 8 R.C and 9 R.C are also fuzzy concepts [16,17]. The
fuzzy interpretation in FALC is a pair I = (ΔI, $I), where $I
is an interpretation function mapping fuzzy concepts and
roles into membership degrees, such that CI = ΔI ! [0,1]
and RI = ΔI  ΔI ! [0,1]. The most important part of
FALC is the use of the membership degree function to
describe the individuals that belong to fuzzy concepts.
However, using a determined value to denote the
membership degree has many restrictions. It can only
give a limited degree of the membership; for example, the
daughter is 30% like her father. However, it cannot
represent a more vague relationship; for instance, the
daughter is 30%–60% like her father. In fact, many
membership degrees of the concepts and individuals in
real world applications cannot be exactly expressed by a
single value. It may fall into a range of some interval.
Hence, we propose type-2 fuzzy ALC to address this
problem.

3

Type-2 fuzzy ALC

3.1

Basic concepts of type-2 fuzzy sets

In this section, we propose type-2 fuzzy sets, which use an
interval to represent the membership degree instead of the
single value employed in type-1 fuzzy sets. In type-2
fuzzy sets, the degree of the membership is normalized to
the interval of [0, 1]. We denote the membership in type-2
fuzzy sets with A , instead of A as used in type-1 fuzzy
sets, which is deﬁned as follows


A ðxÞ ¼ LA ðxÞ,U
(1)
A ðxÞ :
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In Eq. (1), LA ðxÞ,U
½ , and 8x 2 U ,LA ðxÞ
A ðxÞ : U ↕ ↓0,1
U
L
U
£A ðxÞ. We call A ðxÞ and A ðxÞ the lower and upper
bounds of the membership degree, and x is an element in
the fuzzy set U. It is obvious that a type-2 fuzzy set can be
reduced to a type-1 fuzzy set when the lower bound equals
the upper bound of the membership degree. Therefore, the
set of all possible type-1 fuzzy sets is a subset of the set of
all possible type-2 fuzzy sets.
To calculate the probability value of the uncertainty
with some fuzzy rules, we introduce the triangular norm
to type-2 fuzzy sets, which is widely used in fuzzy set
theory.
We call the interpretation a T triangular norm if it
satisﬁes the following conditions:
1) T (0, 0) = 0, T (1, 1) = 1;
2) a£c, b£d ) T ða,bÞT ðc,d Þ;
3) T (a, b) = T (b, a);
4) T (T (a, b), c) = T (a, T (b, c)).
A triangular norm is named T-norm if T (a, 1) = a,
(a 2 ½0,1), while a triangular norm is called S-norm if
T (0, a) = a, (a 2 ½0,1). The properties of the basic T-norm
and S-norm are given as follows:
For any T-norm T and S-norm S, we have
8
a, b ¼ 1,
>
<
T0í ða,bÞ ¼ b, a ¼ 1,
>
:
0, Others,
8
a,
>
<
í
S0 ða,bÞ ¼ b,
>
:
1,

b ¼ 0,
a ¼ 0,
Others,

T0 ða,bÞ ¼ a ^ b, S0 ða,bÞ ¼ a _ b,
T1 ða,bÞ ¼ a$b, S1 ða,bÞ ¼ a þ b – a$b,
a$b
,
1 þ ð1 – aÞð1 – bÞ
aþb
,
S2 ða,bÞ ¼
1 þ a$b
a$b
,
T l ða,bÞ ¼
l þ ð1 – lÞða þ b – abÞ
a þ b þ ðl – 2Þab
S l ða,bÞ ¼
,ðl³0Þ,
1þ ðl – 1Þab
1=Y 
T Y ða,bÞ ¼ 1 – min 1,ð1 – aÞY þ ð1 – bÞY
,
 


1=Y
S Y ða,bÞ ¼ min 1, aY þ bY
,ðY ³1Þ,
T2 ða,bÞ ¼

T1 ða,bÞ ¼ maxð0,a þ b – 1Þ,
S1 ða,bÞ ¼ minð1,a þ bÞ:

To calculate the value of the uncertainty, we can apply
any pair of T-norm and S-norm to the proposed fuzzy
system. Each pair of norms has different degree in the
fuzzy description, and the degree can be ranked as follows
T í £T £T £T £T £S £S £S £S £S í :
0

3.2

1

2

1

0

0

1

2

1

0

TBox and ABox of type-2 fuzzy ALC

There are two fuzzy parts in type-2 fuzzy ALC presented
in this paper, which are the imprecise terminological
axiom (TBox) and fuzzy individual membership (ABox).
To build a description logic system, the ﬁrst step is to
create TBox by deﬁning necessary atomic concepts and
roles. The atomic concepts can be divided into two sets,
the name symbols, NT, that appear in the axioms on the left
side and the base symbols, BT, that appear on the right
side. Generally, no atomic concept can be deﬁned more
than once; that is, any name symbol can appear on the left
side of the axioms at most once. In addition, every atomic
concept can be expanded by base symbols in TBox. The
atomic concepts deﬁned by different axioms may be
imprecise; that is, the axioms exist in classical description
logic may not be true in type-2 fuzzy ALC TBox.
For example, given two base symbols named Animal
and FlyingObject, we can deﬁne the atomic concept Bird
in TBox with Axiom (2).
Bird  Animal u FlyingObject:

(2)

However, we cannot ensure that the concept Bird is
deﬁned precisely in Axiom (2); for example, Penguin is a
bird but cannot ﬂy. If the probability of the bird being an
animal that can ﬂy is in [0.9, 0.95], we can change the
axiom in ALC TBox into a fuzzy axiom in type-2 fuzzy
ALC.
Bird½0:9,0:95  Animal u FlyingObject:

(3)

Axiom (3) means that the probability that a Bird can be
described with the conjunction of Animal and FlyingObject is between 0.9 and 0.95. Since the base symbols are a
certainty, the probability of atomic concepts Animal and
FlyingObject are both 1, in the interval [1,1]. For
simplicity, we denote the certain atomic concept Animal
without using the demarcation [1,1].
Type-2 fuzzy ALC can represent the vagueness of the
atomic concepts with two properties, fuzzy:LowerDegree
and fuzzy:UpperDegree. In that way, every description can
be extended by using the two fuzzy properties, and the
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range of each property is a literal whose value is in interval
[0, 1]. Hence, it is not difﬁcult to extend the TBox in a
description logic system to type-2 fuzzy ALC if we
modify the default format of description in the description
logic syntax with these two properties.
Triangular norms are used for calculating fuzzy degrees
in a fuzzy sets system. Different triangular norms may
cause different results when we calculate the fuzzy
degrees among the same fuzzy concepts. Considering
the property of the fuzzy degree and the computational
complexity, we use the norm pair T2 and S2 in type-2 fuzzy
ALC in this paper.
Suppose every atomic concept (role) is independent.
We will calculate the fuzzy:LowerDegree and fuzzy:
UpperDegree of fuzzy concepts if we do not know it
beforehand. For example, we want to deﬁne an atomic
concept FleshEatingBird with base symbol FleshEatingObject with Axiom (4) when we apply the norms T2 (0.9,
1) and S2 (0.95, 1):

FleshEatingBird is [0.9, 0.95]. This type of the property of
type-2 fuzzy ALC can be called transitivity.
However, the axioms cannot be extended using the
same method with the atomic concepts. For example,
Axiom (5) has the same meaning as Axiom (6) in classic
description logics, while they are not equal in type-2 fuzzy
ALC using the proposed calculation method.
FleshEatingBird  Bird u FleshEatingObject,

0:95

u FleshEatingObject:

 Animal u FlyingObject u FleshEatingObject: (6)
For example, the L (FleshEatingBird) and U
(FleshEatingBird) calculated by Axiom (5) is [0.9,
0.95], while the degree value calculated by Axiom (6) is
[1, 1], which makes Axiom (7) and Axiom (8) different.
FleshEatingBird½0:9,0:95
 Bird½0:9,0:95 u FleshEatingObject½1,1 ,

L ðFleshEatingBird Þ


¼ T2 L ðBird Þ,L ðFleshEatingObject Þ ,
and
U ðFleshEatingBird Þ


¼ S2 U ðBird Þ,U ðFleshEatingObject Þ :
We have
L ðBird Þ ¼ 0:9,
and
L ðFleshEatingObject Þ ¼ 1:
Accordingly,
L ðFleshEatingBird Þ
¼ T2 ð0:9,1Þ ¼ ð0:9  1Þ=½1 þ ð1 – 1Þð1 – 0:9Þ

(7)

FleshEatingBird½1,1

(4)

We can calculate the fuzzy:LowerDegree and fuzzy:
UpperDegree of FleshEatingBird with the following
equation:

(5)

FleshEatingBird

FleshEatingBird
 Bird½0:9,
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Animal½1,1 u FlyingObject½1,1
u FleshEatingObject½1,1 :

(8)

In addition to the fuzzy TBox, the uncertainty also
exists in ABox in type-2 fuzzy description logics. Similar
to type-1 fuzzy ALC, we use the interval to represent
the degree of the assertion in ABox. For example,
CI(x) = [a, b], where 0£a£b£1. Hence, ABox can be
denoted by a set of equations with the form as follows:
C[a, b](x) = [c, d], where C ¼ f ðA,B,R, u , t ,8,9, ?,>Þ.
The assertions in ABox can be denoted by the following
form: C[a, b](x)[c, d].
Taking the atomic concept Bird[0.9, 0.95] as an example,
the fact that Bird(Penguin) is satisﬁed in ABox has
two preconditions: 1) the concept Bird should be
satisﬁed in TBox; 2) the instance Penguin belongs to the
concept Bird in ABox. For example, the assertion
Bird[0.9,0.95](Penguin)[0.65,0.9] means the degree that Penguin can be considered as an instance of Bird[0.9,0.95] is
[0.65, 0.9]. Therefore, Bird[0.9,0.95](Penguin) = [0.65, 0.95]
will be satisﬁed in ABox.
3.3

Syntax and semantics of type-2 fuzzy ALC

¼ 0:9:
Similarly, we can get U ðFleshEatingBirdÞ ¼ 0:95.
Hence, the membership degree of the atomic concept

We use A, C and R to denote the set of atomic concepts,
complex concepts, and roles respectively. C u D, C t D,
:C, 8R:C and 9R:C are fuzzy concepts. The fuzzy
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Table 1 Syntax and semantics of type-2 fuzzy ALC constructors
Constructor
Top (universe)
Bottom (nothing)

Syntax

Semantics

>

Δ

I

?

Φ
AI½a,b

 ΔI

Atomic concept

A½a,b

Atomic role

R½a,b

RI½a,b  ΔI  ΔI

Conjunction

C½a,b u D½c,d

ðC u DÞI½T ða,cÞ,T ðb,dÞ

Disjunction

C½a,b t D½c,d

ðC t DÞI½Sða,cÞ,Sðb,dÞ

:C½a,b

C½1I – b,1 – a

Negation
Value restriction

8R½a,b $C½c,d 8y:SðR½1 – b,1 – a ðx,yÞ,C½c,d ðyÞÞ

Full existential quantiﬁcation 9R½a,b $C½c,d

9y:T ðR½a,b ðx,yÞ,C½c,d ðyÞÞ

interpretation in type-2 fuzzy ALC is a pair I = (ΔI, $I), and
interpreter $I is an interpretation function that maps fuzzy
concepts and roles into a membership degree interval: CI =
ΔI ! [a, b] and RI = ΔI  ΔI ! [a, b], where
0£a£b£1. The interpretation function $I of type-2
fuzzy ALC must satisfy the following equations. For any
d 2 ΔI ,
>I ðxÞ ¼ ½1,1,
?I ðxÞ ¼ ½0,0,
C I ðxÞ ¼ ½L ðCðxÞÞ,U ðCðxÞÞ,
ðC u DÞI ðxÞ ¼ ½T fL ðCðxÞÞ,L ðDðxÞÞg,
T fU ðCðxÞÞ,U ðDðxÞÞg,
ðC t DÞI ðxÞ ¼ ½SfL ðCðxÞÞ,L ðDðxÞÞg,
SfU ðCðxÞÞ,U ðDðxÞÞg,
:C I ðxÞ ¼ ½1 – U ðCðxÞÞ,1 – L ðCðxÞÞ,
ð8R:CÞI ðxÞ ¼ inf Idí2Δ ½Sf1 – U ðRðx,x# ÞÞ,L ðCðx# ÞÞg,
Sf1 – L ðRðx,x# ÞÞ,U ðCðx# ÞÞg,
ð9R:CÞI ðxÞ ¼ supIdí2Δ ½T fL ðRðx,x# ÞÞ,L ðCðx# ÞÞg,
T fU ðRðx,x# ÞÞ,U ðCðx# ÞÞg:
The syntax and semantics of type-2 fuzzy ALC are
shown in Table 1. Different from type-1 fuzzy ALC, the ΔI
of type-2 fuzzy ALC is not a set of numbers in [0, 1], but a
set of pairs, which have the form [a,b], where
0£a£b£1.

4

Reasoning with type-2 fuzzy ALC

Reasoning technique plays a very important role in a
logic. In the past decade, it has attracted much attention in

the ﬁeld of description logics. However, reasoning with
description logics can be much more complicated than
other logics since description logics have a strong ability
to describe the world. Reasoning is also essential to type-2
fuzzy ALC and can be even more challenging. In this
section, we will present reasoning techniques in type-2
fuzzy ALC.
4.1

Reasoning in fuzzy TBox with modiﬁers

In Section 3, we gave the basic concepts, syntax and
semantics of type-2 fuzzy ALC. We use the same symbols
with the same meaning in this section. There are two main
reasoning rules in TBox of type-2 fuzzy ALC: negation
rules and subsumption rules. We ﬁrst propose the negation
rules for reasoning in type-2 fuzzy ALC as follows.
::C½a,b ¼ C½a,b ,
:ðC½a,b u D½c,d Þ ¼ C½1 – b 1 – a t D½1 – d 1 – c ,
:ðC½a,b t D½c,d Þ ¼ C½1 – b 1 – a u D½1 – d 1 – c ,
:8R½a,b $C½c,d ¼ 9R½a,b $C½1 – d 1 – c ,
:9R½a,b $C½c,d ¼ 8R½a,b $C½1 – d 1 – c :
The subsumption reasoning rules in type-2 fuzzy ALC
are similar to those in classic description logics except that
the membership should also be taken into account. That
means the C½a,b v D½c,d has two preconditions. One is that
C is a subclass of D, in other words, C½a,b ¼ C½a,b u D½a,b .
The other is that a, b, c and d must satisfy: 0£a£c£
d£1 and 0£a£b£d£1.
In addition, there are many more modiﬁers in type-2
fuzzy ALC than in classic description logics, such as very,
most, and less, which are used to describe the different
membership degree of the concepts and roles in TBox.
The deﬁnition of the modiﬁers very, most, and less are as
follows.
C↕ ↓ðveryÞorðmostÞC : L ððveryÞCÞ
¼ ðL ðCÞÞ2 ,U ððveryÞCÞ ¼ ðU ðCÞÞ2 ,

(9)

C↕ ↓ðlessÞC : L ððlessÞCÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ L ðCÞ,U ððlessÞCÞ ¼ U ðCÞ:

(10)

We can give the deﬁnition of other modiﬁers by using
the method in Eqs. (9) and (10). These modiﬁers will help
us describe the vague properties of the concepts and roles
more clearly and exactly.
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4.2

the fuzzy tableau algorithms should extend A to

Fuzzy tableau algorithms

Tableau algorithms are the most famous and basic
algorithms in description logic reasoning. We ﬁrst
introduce a brief process of the reasoning in tableau
algorithms. Tableau algorithms use negation to reduce
subsumption to the (un)satisﬁability of concept descriptions instead of directly testing subsumption of concept
descriptions. For example, C v D if and only if
:C u D ¼?. We can check whether the concept is
unsatisﬁable through those algorithms. The fuzzy tableau
algorithms begin with an ABox A0 = {C[a, b](x)[c, d]} to
check the (un)satisﬁability of concept C[a, b]. Since ALC
has no number restrictions, we present ﬁve rules for fuzzy
tableau algorithms as follows.
1) ⋂-rule: if ABox A contains C[a, b] (x) [c, d], and
C[e, f] (x) [g, h], where [a, b] ⋂ [e, f] ≠ Φ and [c, d] ⋂ [g,
h]≠ Φ, the fuzzy tableau algorithms should extend A to
A# ¼ A – fC½a,b ðxÞ½c,d ,C½e,f  ðxÞ½g,h g
t fC½S0ða,eÞ,T0ðb,f Þ ðxÞ½S0ðc,gÞ,T 0ðb,f Þ ðxÞ½S0ðc,gÞ,T 0ðd,hÞ g,
otherwise
A' = A – {C[a, b] (x) [c, d], C[e,

f]

(x)

[g, h]}.

2) u -rule: if ABox A contains
í u C î Þ ðxÞ
ðC½e,f
½c,d

½g h ½a,b
¼ ðC # u C $ Þ½T ðTðe,f Þ,aÞ,T ðT ðg,hÞ,bÞ ðxÞ½c,d ,

í ðxÞ and C î ðxÞ , the
but does not contain both C½e,f
½c,d
½c,d

½g,h
fuzzy tableau algorithms should extend A to
A# ¼ A t fC í ðxÞ ,C î ðxÞ g:
½e,f 
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½c,d

½g,h

½c,d

3) t -rule: if ABox A contains
í t C î Þ ðxÞ
ðC½e,f
½c,d

½g h ½a,b
¼ ðC # t C $ Þ½SðSðe,f Þ,aÞSðSðg,hÞ,bÞ ðxÞ½c,d ,

í ðxÞ
î
but neither C½e,f
½c,d nor C½g,h ðxÞ½c,d , the fuzzy tableau

algorithms should extend A to
í ðxÞ g
A# ¼ A t fC½e,f
½c,d

or

î ðxÞ g:
A $ ¼ A t fC½g,h
½c,d
4) 9 -rule: if ABox A contains ð9R½e,f  $C½g,h ÞðxÞ½c,d , but
no individuals z such that R[e, f](x, z)[c, d] and C[g, h](z)[c, d],

A# ¼ A t fR½e,f  ðx,yÞ½c,d ,C½g,h ðyÞ½c,d g,
where y is an individual not previously appearing in A.
5) 8 -rule: if ABox A contains ð8R½e,f  $C½g,h ÞðxÞ½c,d , and
R[e, f](x, y)[c, d], but not C[g, h] (y) [c, d], the fuzzy tableau
algorithms should extend A to
A# ¼ A t fC½g,h ðyÞ½c,d g:
As we know, the t -rule will result in more than one
ABox. Hence, we introduce the ﬁnite set S = {A0, A1, …,
An} to represent the result ABoxes after enforcing the
above reasoning rules on A0 and its follow-up result
ABoxes A1, …, An. We state that S is consistent if any
ABox Ai (i = 0…n) in S is consistent. Suppose we get a
ﬁnal set Sk by using the above fuzzy reasoning rules on A0.
If Sk has no obvious conﬂicts, such as C[0, 0](x) or ? ðxÞ,
we can consider C[a, b] is satisﬁable.
The way to decide whether the ABox in type-2 fuzzy
ALC is unsatisﬁable is different from typical tableau
algorithms. Suppose there are two limited values TL and
TU. If the probability of any fuzzy concept or individual is
less than TL, we can consider the probability to be 0. It
means that if LðU Þ ðCÞ£TL , the axiom to describe concept
C will not exist in the description logic system. On the
contrary, the probability of C will be 1 if LðU Þ ðCÞ³TU .
Thus, the reasoning process of the fuzzy tableau
algorithms will stop when any one of the following
conditions is established.
1) Any obvious conﬂicts, such as ? ðxÞ and
ðC u :CÞðxÞ, are found in the reasoning results.
2) Any fuzzy conﬂicts occur in the reasoning process;
for example, C[0, 0](x) = [c, d], C[a, b](x) = [c, d], C[c, d](x) =
[a, b] with a£b£TL, C[a,b](x) and C[c,d](x) without
overlap of the intervals [a, b] and [c, d].
3) All rules, including ⋂-rule, u -rule, t -rule, 9 -rule
and 8 -rule, have been executed.
4.3

Soundness, completeness and complexity issues

In this section, we will discuss the soundness, completeness and complexity issues of reasoning in type-2 fuzzy
ALC.
● Soundness
Assume that S is obtained from the
ﬁnite set of ABoxes S1 by applying the reasoning rules.
Then S is consistent if and only if S1 is consistent. It is easy
to prove the soundness of the fuzzy reasoning algorithms
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in this way: if any ABox, Ai, in S1 is conﬂict-free, S1 has at
least one model, which makes S conﬂict-free and C[a, b]
satisﬁable.
● Completeness
As we know, any complete and
conﬂict-free ABox, A, has a model. It is obvious that if we
start with A0 = {C0[a, b] (x)[c, d]}, we can obtain a ﬁnite
individual tree whose root belongs to C0[a, b] and the
concept C0[a, b] is satisﬁable. The completeness can be
satisﬁed since the proposed rules can reduce satisﬁability
of a type-2 FALC concept C0[a, b] (in negation normal
form) to consistency of a ﬁnite set, S, of complete
ABoxes.
● Complexity
Since the number restriction is not
considered in the fuzzy reasoning rules and every branch
of the individual tree is independent, the complexity of the
fuzzy tableau algorithms is O(2n), which is much lower
than the classic tableau algorithms that must handle
O(2n + 1 – 1) individuals.

5

Type-2 fuzzy OWL

Knowledge in the semantic web is usually structured in
the form of ontology. This leads to considerable efforts to
develop a suitable ontology language, culminating in the
design of the OWL [12]. The OWL language consists of
three sub-languages, namely OWL Lite, OWL DL and
OWL Full, which have gradually increasing expression
ability. OWL DL is widely used in many ﬁelds to
represent the axioms and assertions. Its corresponding
description logic is SHOIN(D +) [18]. Similar to the
relationship between OWL DL and SHOIN (D +), we
propose the type-2 fuzzy OWL to implement the type-2
fuzzy ALC. There are some differences between type-2
fuzzy OWL and classic OWL in the abstract syntax, such
as Description and Fact in type-2 fuzzy OWL. We present
the main part of the syntax of type-2 fuzzy OWL as
follows.
Description:: = ‘classID (’ [ classID ]
{‘fuzzy: LowerDegree(’ Lowerdegree‘)’}
{‘fuzzy:UpperDegree(’ Upperdegree‘)’}
‘(’ Lowerdegree£Upperdegree‘)’‘)’
|restriction|‘unionOf (’ {description } ‘)’
|‘intersectionOf (’ {description } ‘)’
|‘complementOf (’ { description } ‘)’
|‘one of (’ { individualID } ‘)’
Fact:: = Individual
Individual:: = ‘Individual (’ [ individualID ] {
annotation }

{
‘type (’type‘)’ {‘fuzzy:LowerDegree(’ Lowerdegree‘)’}
{‘fuzzy:UpperDegree(’ Upperdegree‘)’}
‘ }’
‘(’ Lowerdegree£Upperdegree‘)’‘)’
Lowerdegree::= degree
Upperdegree::= degree
degree::= ‘degree(’
real-number-between-0-and-1-inclusive‘)’…
The assertions in ABox we discussed above can also be
implemented with type-2 fuzzy OWL. For example, we
assert two instances Eagle and Penguin as follows.
Suppose the membership degree is [0.84, 0.93] for the
fact that Eagle can be considered as an instance of
FleshEatingObject, and the membership degree is [0.22,
0.28] since Penguin can also be considered as an instance
of FleshEatingObject. There are two equations to show
the probability of that Eagle and Penguin are instances of
FleshEatingBird, as shown in Eqs. (11) and (12).
FleshEatingBird½0:9,0:95 ðEagleÞ
¼ ½T2 ð0:84,0:9Þ,T2 ð0:93,0:95Þ ¼ ½0:74,0:88,

(11)

FleshEatingBird½0:9,0:95 ðPenguinÞ
¼ ½T2 ð0:22,0:9Þ,T2 ð0:28,0:95Þ ¼ ½0:18,0:26: (12)
However, ABox in type-2 fuzzy ALC does not store the
above equations as its assertions. The uncertain information stored in ABox is only the predeﬁned membership
degree instead of the calculated degree. We can get the
result degree by using some reasoning rules and equations
like Eqs. (11) and (12). The sample of type-2 fuzzy OWL
for the instances Eagle and Penguin is presented as
follows:
< FleshEatingBird fuzzy:LowerDegree = 0.84 fuzzy:
UpperDegree = 0.93 rdf:ID =“Eagle”>
< FleshEatingBird fuzzy:LowerDegree = 0.22 fuzzy:
UpperDegree = 0.28 rdf:ID =“Penguin”>…

6 Semantic search engine based on type-2
fuzzy ontology
6.1 Framework of a semantic search engine based on
type-2 fuzzy ontology

Daily communications in real world, such as conversations using the natural languages, are full of imprecise
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information. To better model the real world problems, we
need to not only employ the fuzzy description logic, but
also need a query language to represent the vague
requirements. We call the queries including fuzzy
concepts and individuals fuzzy queries. To handle these
fuzzy queries, ontology-based semantic search engine
should extend their knowledge base to support fuzzy
ontologies. In this paper, we implement a fuzzy semantic
search engine using type-2 fuzzy OWL. Fig. 1 shows the
framework of the semantic search engine based on a type2 fuzzy ontology.
The semantic search engine based on a type-2 fuzzy
ontology consists of six components: type-2 fuzzy
ontology analyzer, type-2 fuzzy ontology questioner /
answerer, keywords generator, search engine, type-2
fuzzy ontology, and document indexes. In this framework,
users can propose their queries in two ways. One way is to
ask the type-2 fuzzy ontology analyzer with keywords or
fuzzy keywords. These keywords will be processed by the
ontology analyzer and then sent to the keyword generator.
The other way is to issue the semantic queries to type-2
fuzzy ontology questioner/answerer. The semantic queries
will be parsed by the ontology analyzer. The parsed
queries represented by ontology language will be sent to
the ontology base. The corresponding names of the
concepts and individuals will be sent to the keywords
generator and then the search engine will perform the
search on the classic document indexes by using these
generated keywords.
Thus, users cannot only communicate with ontology
base by forming the queries with concepts and individuals
directly, but also issue keywords to a classic search engine
to search documents. The results will contain two parts.
One is the ontology results returned by the ontology base,
which are represented in ontology language. The other is
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the document results returned by the classic search engine,
which are represented as document lists.
6.2

Experiments and analysis

We implement the type-2 fuzzy semantic search engine
based on the proposed framework. We use the type-2
fuzzy ALC to handle the imprecise information, such as
very, most, and high as input by users. The ontology base
is built using type-2 fuzzy OWL and the vague
information of the concepts and individuals is modeled
as an interval in the fuzzy ontology. We use academic
resources as the test data set, which are collected from the
departmental websites of Huazhong University of Science
and Technology, including 7000 web pages and 2400
documents. The document type can be txt, xml, rdf, doc,
and pdf. The type-2 fuzzy ontology analyzer, questioner,
answer, keyword generator, and search engine are all
implemented in Java. The ontology is built with Protégé
[28] and contains 212 TBox nodes and 995 ABox nodes.
Since the information grows explosively on the
Internet, precision plays a more important role than the
recall rate for a search engine. Hence, we carry out
experiments to test the precision of the implemented
semantic search engine rather than its recall rate. We
choose a group of keywords to retrieve information from
indexes, and then pick out the relevant hits from the result
set to test the precision of the query. Fig. 2 represents the
precision of the semantic search engine based on classic
ontology and type-2 fuzzy ontology. From the ﬁgure we
can see that the precision grows faster with the number of
nodes in the ontology under the type-2 fuzzy ontology.
This means the precision of the search engine will be
improved if a type-2 fuzzy ALC is applied.
Additionally, we carry out experiments to test how the

Fig. 1 Framework of semantic search engine based on type-2 fuzzy ontology
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7

Fig. 2 Relevant hits-imprecision graph

Conclusion

We have proposed a type-2 fuzzy description logic to
represent and infer the fuzzy information widely existing
in real world applications. The syntax, semantics and
reasoning algorithms of type-2 fuzzy ALC have been
introduced as the fundamentals of type-2 fuzzy description logic. We have also tested the performance of the
semantic search engine with type-2 fuzzy ALC through
experiments. Compared to the traditional search engine
and semantic search engine with classic ontology, we have
found that the proposed type-2 fuzzy ALC search engine
is more capable of dealing with the imprecise knowledge.
Many other applications, besides semantic search engine,
need to process fuzzy information, such as trust management in distributed systems. Our approach can be applied
in different domains to strengthen their representation and
reasoning ability. Our future work will include the
research of type-2 fuzzy ALCN, type-2 fuzzy SHOIN
(D) and the corresponding reasoning algorithms.
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