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ABSTRACT
Singular value decomposition (SVD) is a fundamental linear
operation that has been used for many applications, such as
pattern recognition and statistical information processing.
In order to accelerate this time-consuming operation, this
paper presents a new divide-and-conquer approach for solv-
ing SVD on a heterogeneous CPU-GPU system. We care-
fully design our algorithm to match the mathematical re-
quirements of SVD to the unique characteristics of a hetero-
geneous computing platform. This includes a high-performance
solution to the secular equation with good numerical stabil-
ity, overlapping the CPU and the GPU tasks, and leverag-
ing the GPU bandwidth in a heterogeneous system. The
experimental results show that our algorithm has better
performance than MKL’s divide-and-conquer routine [18]
with four cores (eight hardware threads) when the size of
the input matrix is larger than 3000. Furthermore, it is
up to 33 times faster than LAPACK’s divide-and-conquer
routine [17], 3 times faster than MKL’s divide-and-conquer
routine with four cores, and 7 times faster than CULA on
the same device, when the size of the matrix grows up to
14,000. Our algorithm is also much faster than previous
SVD approaches on GPUs.

Categories and Subject Descriptors
C.1.3 [Other Architecture Styles]: Hetergeneous Sys-
tems; G.1.3 [Numerical Linear Algebra]: Eigenvalues
and Eigenvectors; D.1.3 [Concurrent Programming]: Par-
allel Programming

General Terms
Algorithms, Performance
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1. INTRODUCTION
Singular value decomposition (SVD) is a fundamental ma-

trix decomposition algorithm widely used in various areas.
It exposes useful and interesting properties of the original
matrix, and it is a basic mathematic tool for various ap-
plications such as principal component analysis (PCA), sig-
nal processing and automatic control. Unfortunately, this
process is quite expensive with computational complexity
ranging from 12n3 to 4

3
n3 depending on the algorithm used

[1, 2]. When scientists or engineers need to use SVD in a
time-sensitive context, the computation time will be a sig-
nificant bottleneck. In this paper, we introduce a novel high-
performance approach for solving SVD based on a heteroge-
neous CPU-GPU system.

To apply a heterogeneous system for solving SVD, the
performance not only relies on the parallelism of the hetero-
geneous system, but also is highly related to the mathemati-
cal structure and characteristics of the SVD algorithm. The
most widely used SVD algorithm is based on QR-iteration
[5, 6, 7]. However, the iteration structure of this algorithm
has substantial data dependencies that make it unsuitable
for parallelization. Previous researchers tried to accelerate
the SVD process using the QR-iteration algorithm. How-
ever, they were not able to achieve very good performance.
GPU-based linear algebra libraries are already available, e.g.
CULA [21], for solving SVD. Nevertheless, it seems that the
existing GPU libraries have not yet achieved significant im-
provements for SVD.

Compared with the QR-iteration algorithm, the divide-
and-conquer approach is supposed to be the fastest math-
ematical algorithm. With this approach, the global SVD
problem can be naturally divided into small sub-problems,
and the final result is obtained by merging the results of
the sub-problems. This is a useful property for achieving
high parallelism and scalability. The main components of
the divide-and-conquer algorithm are blocked matrix mul-
tiplication and solving the secular equation. Both of them



can be further divided and solved using multiple smaller
sub-problems. These main steps are suitable for both multi-
threaded execution models in conventional CPUs and the
GPU’s SIMT (Single Instruction Multiple Threads) execu-
tion structure.

In this paper, we present a new approach for solving SVD
that exploits a heterogeneous computing system using a
divide-and-conquer algorithm. To achieve the best perfor-
mance on the heterogeneous system, we develop several new
enhancements. First, we execute the divide-and-conquer al-
gorithm level-by-level rather than recursively. We overlap
the algorithm at task and procedure levels based on both
the characteristics of the divide-and-conquer algorithm and
the structure of the heterogeneous system. The CPU and
GPU are assigned different tasks and cooperate to reduce
the synchronization overhead. Second, to solve the secular
equation, which is a key step of the divide-and-conquer al-
gorithm, we introduce a GPU-based approach that achieves
similar or even better performance than other CPU-optimized
methods. More importantly, it has better numerical stabil-
ity and robustness. Finally, we analyze the performance
and accuracy, and discuss the adaptability of our approach.
The experimental results show that our new approach can
achieve a speedup of 33 against LAPACK’s single threaded
routine. It additionally is 3 times faster than MKL’s routine
with four cores, and also about 7 times faster than CULA
when the matrix size is to 14,000.

The rest of the paper is organized as follows. Section
2 discusses the related work. A high-level illustration of
the problem is given in Section 3. Section 4 describes
our SVD approach on a heterogeneous system, and Section
5 discusses the GPU-based solver for the secular equation.
Experiments and results are presented in Sections 6 and 7,
respectively. Finally, the conclusions are drawn in Section
8.

2. RELATED WORK
Singular value decomposition algorithms can be generally

classified based upon their basic schemas. The QR-iteration
based algorithm is the most developed and widely used SVD
algorithm. It can calculate the singular values and vectors
with high accuracy and numerical stability [1]. To obtain
higher performance than QR-iteration, especially on paral-
lel platforms, Cuppen [10] introduced a divide-and-conquer
algorithm that had previously been used for solving eigen
problems. It was subsequently developed and improved by
Arbenz et al for SVD [11, 12, 13, 14]. The divide-and-
conquer algorithm is reported to be the fastest SVD algo-
rithm and can be more than 10 times faster than the tradi-
tional QR-iteration based algorithm [2, 17]. Compared with
the QR-iteration based algorithm, the divide-and-conquer
algorithm is more complex, and is more sensitive to accu-
racy issues. Jacobi’s method is the third main approach to
solve SVD. While it is the slowest method, for some types
of matrices it can compute the singular values and singular
vectors much more accurately than the other algorithms [1].

Researchers have tried to use GPUs to accelerate solu-
tions to the SVD problem. Sheetal et al [3] first introduced
a GPU-based SVD approach based on the classical QR-
iteration algorithm. In their method, they assume that the
input data is already on the GPU device and the data is kept
on the GPU to avoid the cost of transferring data between
the host and the GPU device. This work supported no coop-

eration between the CPUs and the GPU. By using CUBLAS
to accelerate the level-2 and level-3 matrix and vector op-
erations, and designing a thread schema for bidiagonaliza-
tion and diagonalization, they achieved an 8X speedup for
single precision compared to MKL’s SVD routine running
on an Intel Dual Core. However, their paper did not men-
tion which routine they had used. It should be noted that
the MKL’s general routine, xGESVD, is much slower than
the divide-and-conquer routine, xBDSDD. Using a divide-
and-conquer algorithm, our approach in this paper performs
much faster than their algorithm. Additionally, we compare
our work with the MKL’s fastest routine, xBDSDD. In other
related work, Anderson et al. recently presented a fast QR
method using GPUs [4]. They described an implementation
of the communication-avoiding QR (CAQR) factorization
that achieved a 13X improvement compared to CULA when
the matrix is extremely tall and skinny. They also purposed
to use their approach for SVD. However, their approach is
still a QR-iteration based SVD. Furthermore, it can only
perform well for special matrices. In addition, Vedran [15]
and Yamamoto [16] introduced Jacobi-based approaches us-
ing GPUs and other accelerators that focus more on accu-
racy rather than performance.

Besides these proposed approaches in the literature, there
are several libraries available for SVD computation, such as
LAPACK and MKL. MKL is a commercial math library
based on LAPACK. These highly developed libraries are
CPU-based and use BLAS [20] for the low level linear oper-
ations. LAPACK and MKL have QR-based and divide-and-
conquer SVD implementations. CULA [21], as a commer-
cial GPU linear algebra library, provides stable and reliable
GPU algorithms. MAGMA [22] is an open source library.
To the best of our knowledge, both CULA and MAGMA
have only QR-based implementations of SVD, and there is
no GPU based or heterogeneous system based approach us-
ing a divide-and-conquer algorithm.

3. DIVIDE-AND-CONQUER SVD ALGORITHM
Generally, the SVD of a general matrix A ∈ Rm∗n(m >

n) is computed in two phases:

• I: Orthogonally reduce A to a bi-diagonal matrix B:

A =
(
U1 U2

)
∗
(
B
0

)
∗ V T (1)

• II: Compute the SVD of B:

B = Q ∗ Σ ∗WT (2)

The SVD of A is then computed as

A =
(
U1 Q U2

)
∗
(

Σ
0

)
∗ (VW )T (3)

Phase II takes the majority of the computation time. It
can be implemented using several different algorithms, as we
described previously [5, 6, 7, 8, 9, 2]. In this paper, we focus
on the divide-and-conquer approach.

The basic idea of the divide-and-conquer algorithm is to
merge the SVD results of two similar sub-matrices from a
larger matrix. Given the (N + 1) ∗N lower bi-diagonal ma-
trix B, divide-and-conquer recursively divides B into two
submatrices as:

B =

(
B1 αkek 0
0 βke1 B2

)
(4)



where B1 and B2 are k ∗ (k − 1) and (N − k + 1) ∗ (N − k)
lower bi-diagonal matrices, respectively, and ej is the jth
unit vector of appropriate dimension. Assume that the SVD
of Bi is

Bi =
(
Qi qi

)( Di

0

)
WT

i (5)

Let lT1 and λ1 be the last row and last component of Q1

and q1, respectively, and let f2T and ϕ2 be the first row and
first component of Q2 and q2, respectively. By plugging into
Formula (4), and applying Givens rotation, we obtain

B = QMWT (6)

Where

Q =

(
c0q1 Q1 0 −s0q1
s0l1 0 Q2 c0q2

)
(7)

M =

(
M̃
0

)
=


r0 0 0
αkl1 D1 0
βkf2 0 D2

0 0 0

 (8)

WT =

 0 W1 0
1 0 0
0 0 W2

 (9)

and r0, c0, s0 are the variables of the applied Givens rotation.
Assume UΣV T is the SVD of middle matrix M̃ . Then we

obtain

B =
(
QUq

)( Σ
0

)(
WV

)T
= X

(
Σ
0

)
Y T (10)

The singular values of B are the same as the middle matrix
M̃ , and the singular vectors of B can be formed by the
singular vectors of M̃ .

To solve the SVD of M̃ , we re-write and permute the
middle matrix M̃ as matrix M :

M̃ ⇒M =


z1
z2 d2
...

. . .

zn dn

 (11)

Define D = diag(d1, d2, ...dn) 1 with 0 ≡ d1 ≤ d2 ≤ ...dn.
According to Jessup and Sorensen [23], the singular values
of M are the roots of the secular equation

f(ω) = 1 +
n∑

i=1

z2k
d2
k
−ω2 = 0

0 ≡ d1 < ω1 < d2 < ... < dn < ωn < dn + ‖z‖2
(12)

and the singular vectors satisfy

ui =

(
z1

d21−ω2
i
, ... zn

d2n−ω2
i

)T
√

n∑
i=1

z2
k

(d2k−ω2
i )2

, vi =

(
−1, d2z2

d22−ω2
i
, ... dnzn

d2n−ω2
i

)T
√

n∑
i=1

z2
k

(d2k−ω2
i )2

(13)
On the other hand, if given D and all the singular vectors,
we can construct a matrix with the same structure as M .

In reality, even if we can compute an approximation ω̂i

close to ωi, zi/
(
d2i − ω̂i

2
)

and dizi/
(
d2i − ω̂i

2
)

can still have

1d1 is used to simplify the presentation.

variances from the exact ratio zi/
(
d2i − ω2

i

)
and dizi/

(
d2i − ω2

i

)
.

Eventually, singular vectors bias ui and vi. To solve this
problem, Gu[14] presented a common method to use ω̂i by
adopting a high accuracy solver, and then ẑi is calculated as
follows,

|ẑi| =

√√√√(ω̂n
2 − d2i

) i−1∏
k=1

(
ω̂k

2 − d2i
)

(d2k − d2i )

n−1∏
k=i

(
ω̂k

2 − d2i
)(

d2k+1 − d2i
) (14)

Then we use ẑi to replace zi in Formula (13) to compute the
left and right singular vectors with high accuracy.

The outline of the divide-and-conquer algorithm is shown
below as Algorithm 1.

Algorithm 1 The divide-and-conquer algorithm.

1: Define a threshold ρ for the minimal size of the sub-
problem

2: Divide the global problem into subproblem set S,
and generate a tree-like merging schema M

3: Perform each subproblem of S
4: for each merging task m in M do
5: Construct the middle matrix and permute it to

sorted (Formula (11)), and record the transforma-
tion route R.

6: Solve the secular equation to obtain the singular
values Σ.

7: Revise the z vector.
8: Compute the singular vectors of middle matrix
U and V .

9: Construct the singular vectors of the original
matrix B, Q and W by U , V and R.

10: end for
11: Output: the result of the final merging.

4. THE HETEROGENEOUS DIVIDE-AND-
CONQUER SVD ALGORITHM

Generally, GPUs can be used to accelerate highly paral-
lelized operations of the SVD algorithm, such as processing
the blocked matrix multiplication and solving the secular
equation. Both of these two operations can be divided into
multiple independent subproblems. All of the subproblems
can be solved with the same code. Thus, only a few kernel
functions are needed to perform the operations without any
data transfers between the CPU and the GPU. However,
some other operations are not always suitable for the GPU.
For example, if we construct and permute the middle ma-
trix on the GPU (see formula (11), we need to allocate global
memory on the GPU, transfer data between the CPU and
the GPU, and launch a GPU kernel, in addition to construct-
ing and sorting operations. These are instruction-intensive
tasks which are difficult to execute efficiently on GPUs. Ac-
cording to Amdahl’s law [29], the portion of the application
with low or no parallelism determines the maximum possi-
ble speedup. To overcome this problem, we use the CPUs
to deal with the instruction-intensive tasks, and make the
CPUs and GPUs work in parallel. The following principles
guide our implementation:

• Keep the GPU running as long as possible.

• For tasks that do not perform well on the GPU, let the
CPU execute while keeping the GPU executing other
parallel tasks.
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Figure 1: Overlapping the HOST and GPU at the
Task Level

• For GPU-friendly tasks, let CPU execute a portion of
the task, if the CPU can help without interfering with
the GPU.

• For other tasks, use either the GPU or the CPU, whichever
is available.

4.1 Overlapping at the Task Level
The divide-and-conquer algorithm organizes tasks recur-

sively as a binary tree. In our implementation, each node
is abstracted as a task, and each task consists of a set of
procedures. A procedure is formed of several operations,
such as matrix multiplications. The leaf tasks are the small-
est tasks that should be handled by the QR-iteration-based
algorithm, while the non-leaf tasks deal with the merging
operations. Obviously, there is a direct approach to execute
all of the tasks recursively using an in-order traversal. When
we consider the GPU implementation, however, a recursive
traversal requires a large amount of memory to store the
temporary context. This is quite expensive for the GPU
which typically does not have much memory available, com-
pared to a CPU. In order to overcome this drawback, we
execute the tasks breadth-first level-by-level. Thus, only
one previous context needs to be stored as the input to the
subsequent tasks.

Figure 1 shows the tree structure. We execute the smallest
tasks using the traditional SVD method on the CPU, and
then transfer the results of this level to the GPU. The GPU
then focuses on merging the results of the smaller tasks.
Since the tasks being merged depend on the outputs of the
CPU tasks, the GPU needs to wait while the CPU completes
its tasks and transfers the result to the GPU. In order to
reduce the GPU’s waiting time, we pipeline the CPU, system
bus and the GPU at the task level. As shown in Figure 1,
when the CPU deals with task ”00” at time point T1, the
GPU and system bus have to wait. After the CPU completes
task ”00”, it will deal with the following leaf task ”01”. At the
same time, the system bus will transfer the result of task ”00”
to the GPU, which is still waiting. After the CPU finishes
task ”01”, it will execute task ”10”, and the bus will transfer
the result of ”01” to the GPU. Once this transfer completes,
the GPU starts to work until the overall algorithm has the
output from the final merging on the GPU. To make the
waiting time of the GPU as short as possible, we use a multi-
threading approach to execute the leaf tasks concurrently.
The approximate time line of the CPU, system bus, and
GPU is shown in Figure 2.

System Bus Wait

GPU Wait

CPUs

System Bus

GPU

Figure 2: Timeline of the pipelined devices

From Figure 2 we can see that the wait time of the sys-
tem bus is the time required to execute one leaf task, ∆bus =
Tleaf , and the GPU’s wait time is the time to execute one
leaf task plus transfer two results to the GPU, ∆gpu =
Tleaf +2∗Ttran. The wait time of ∆bus and ∆gpu depend on
the size of the leaf task. In practice, they comprise a very
small part of the overall execution time, ∆all. For example,
with a matrix size of 14,000 and choose 800 as the size of
leaf task, the GPU’s waiting time is only 0.5 second, which
is about 1.7% of the overall execution time. This means that
the GPU is working almost all of the time during the exe-
cution of the program. Our experimental results show that
this task-level overlapping reduces the overall execution time
by more than 7%.

4.2 Overlapping at the Procedure Level
Since the merging operation consumes most of the execu-

tion time of the whole algorithm, we explore approaches for
obtaining more independence inside of the merging task to
parallelize the process at lower levels. In order to simplify
the explanation of this process, we abstract the merging task
to three procedures based on Algorithm 1.

• Preprocess, represented by P, includes processing of
the middle matrix, solving the secular equation to ob-
tain the singular values, and revising the z vector. It
should be noted that this procedure depends on the re-
sult of the two subproblems, while relying only on their
left singular matrices. The processing of the middle
matrix has little parallelism available. However, the
computational complexity of this step is only O(n2).
Thus, the CPU is adequate for computing this step.
The other two operations have high parallelism and
can be computed using either the CPU or the GPU.
Hence, we execute them on the CPU or the GPU, de-
pending on which is available at the time.

• Computing the left singular matrix Q, represented by
Q, depends on the result of procedure P. Most of its
operations are blocked matrix multiplications. We use
only the GPU to execute this procedure to obtain the
best performance.

• Computing the right singular matrix W, represented
by W, also depends on the result of procedure P.
Most of its operations are blocked matrix-matrix and
matrix-vector multiplication. This procedure has no
logical dependence with Q. We use only the GPU for
this procedure since it also is GPU-friendly.

To illustrate the dependence among different tasks, Fig-
ure 3 shows that merging tasks ”00”and ”01” is the precursor
of their parent node task ”0”. The P procedure of task ”0”
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depends on the Q procedure of task ”00” and task ”01”, and
the W procedure of tasks ”00” and ”01” are the only inputs
of the W procedure of task ”0”. This also depends on the
output of task 0’s P procedure. Based on this observation,
we can reorganize the execution order of these three tasks
as shown in Figure 4. In this figure, we use a box to rep-
resent the procedure P to indicate that it can be executed
by both the CPU and the GPU. A circle depicts procedures
that are executed only by the GPU. It can be seen that
the execution of Q00/01 and P0 can be in parallel with the
execution of W00/01. It should be noted that Q00/01 and
W00/01 are both executed by the GPU for the best perfor-
mance. However, we can use the CPU to process P0 while
the GPU is simultaneously executing W00/01. If P0 is still
executing when the GPU finishes W00/01, the GPU begins to
execute P0 together with the CPU. In our tests with matrix
sizes from 1,000 to 14,000, when the GPU finished W00/01,
the CPU either has finished P0 or has at least finished pro-
cessing the middle matrix. By reorganizing this execution
pattern, we can keep the GPU executing the GPU-friendly
operations, and make the CPU handle the GPU-unfriendly
parts without blocking the GPU. This optimization reduced
the overall execution time by more than 8%.

0 2 4
-100

0

100

Figure 5: The distributions of the roots of g(x) =
1 + 3/(1− x) + 3/(2− x) + 3/(3− x)

5. SOLVING THE SECULAR EQUATION
Solving the secular equation efficiently is the key part of

the divide-and-conquer algorithm. It directly determines the
quality of the output singular values and greatly impacts
computing the singular vectors. The mathematical form of
the secular equation is shown in Formula (5). There are
n roots of the equation to satisfy the conditions. Multiple
iterations are needed to find each root where each iteration
costs O (n). Therefore, the complexity is f (ε)O

(
n2
)
. Here,

f (ε) is the number of iterations required to solve each root
when applying a root solver with a precision of ε.

To reduce the number of floating point operations, we
replace the previous formula with the following:

g(x) = 1 +

n∑
i=1

z̄k

d̄k − x
= 0 (15)

The shape of this function is very special. For example,
Figure 5 shows the shape and root distribution of an sample
function: g(x) = 1 + 3/(1− x) + 3/(2− x) + 3/(3− x).

Newton’s method is a direct solution to this problem, but
it cannot guarantee convergence. When z̄ is a small number
close to zero, for example, g(x) = 1+0.01/(1−x)+0.01/(2−
x) + 0.01/(3 − x), a portion of the plot of g(x) looks like
Figure 15. It is clear that the first order derivative of most
of each interval is close to zero. If we use Newton’s method
to find the roots of this function, the next approximation
to the true root after the first iteration will be out of the
interval.

Researchers have tried to improve Newton’s method using
different interpolation functions to approximate the original
function. The first stable method, called BNS1(2), was pro-
posed by Bunch et al [24]. They used a second-order interpo-
lation function to approximate the original function. BNS1
and BNS2 converged from an initial guess to the root from
the left and right, respectively. Li [25] proposed a method
called the Middle-Way, which also uses a second-order inter-
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polation function. However, it converges from either the left
or the right side to the true root. Unfortunately, all these
improved methods cannot guarantee convergence. Since LA-
PACK has adopted the Middle-Way method [1], it is most
likely the most widely used method. Additionally, Melman
[26] and Gragg [28] also presented a different but similar
method to solve the secular equation. In practice, regard-
less of whether or not these algorithms can mathematically
guarantee convergence, they often slowly converge in numer-
ical experiments due to limits of machine precision.

Compared with the algorithms based on Newton’s method,
the Bisection method can numerically guarantee convergence,
and the next approximation to the true root is always in the
middle of the upper and low bounds of the interval. As a
result, out-of-interval or overflow will never occur with this
method giving it good stability. However, the average con-
vergence of the Bisection method is typically slower than
previous methods. Therefore, it is usually used as a safe-
guard to find a solution when other methods cannot suc-
cessfully generate a result. Fortunately, each iteration of
the Bisection method is simpler than Newton-based meth-
ods. Here, we use the Middle-Way method as an exam-
ple. This algorithm depends on a second-order interpola-
tion function G (x) = 1 + φk (x) + ϕk (x) to approximate
g(x), where k = 1, 2, ...n depends on which root needs to be
solved, where

φk (x) =

k∑
i=1

z̄k

d̄k − x
, ϕk (x) =

n∑
i=k+1

z̄k

d̄k − x
(16)

Using these interpolations, the approach for finding an
initial guess and the next approximation to the true root
has been presented in [25]. Compared with the Bisection
method, which needs to calculate only the middle point of
the upper and lower bounds of an interval, Newton’s method
requires much more time to find the next approximation.

According to Li [25], solving the secular equation using the

Figure 7: Solving the Secular Equation on the GPU

Middle-Way method with a length of 50 requires an average
of 4.1 and 4.0 iterations for BNS1 and BNS2, respectively.
The maximum number of iterations is 12 and 10, which is
less than the Bisection method requires. However, it is clear
that the Middle-Way needs Bisection’s safeguard in several
conditions so that a portion of the roots finally are found
by using the Bisection method. When calculating on the
CPU, all the roots are generated sequentially. When using
the GPU, however, the situation is quite different. Since
finding each root is independent, while the process to find
a single root is iterative, the best way to solve the secular
equation is parallelize the solution for each root separately.
In our approach, one GPU thread is used to find one root.

Our GPU algorithm divides the problem as shown in Fig-
ure 7. The GPU solver is a loop with executing a GPU
kernel function in each iteration for finding a group of roots
called a ”Page”. When processing each page, the GPU di-
vides the work into multiple blocks. Each block is divided
into threads, which are the logical execution units. Due to
the characteristics of the GPU, the threads cannot cooper-
ate with each other when they are associated with different
blocks. To avoid the issue of concurrent data accesses, a
batch of threads should start and end synchronously. In
other words, the slowest thread determines the execution
time of each page. This feature greatly improves the time
required to solve the secular equation on the GPU. When
using Newton’s method, if there is a need of a safeguard in
a page, the overall execution time of this page is determined
by the slowest thread, which actually consists of both New-
ton’s method and the Bisection method. This is different
from the implementation on the CPU.

Because of this characteristic of the GPU, we use the Bi-
section method instead of Newton-based methods. The Bi-
section method is the best algorithm for the GPU for solving
the secular equation because:

• It is guaranteed to converge, which eliminates the need
for a safeguard method.

• Our experimental results show that it achieve perfor-
mance comparable to Newton-based methods.

• It has better numerical stability when computing the
singular vectors. Formula (13) shows the process for
computing singular vectors. When the solution of z is
close to zero, the distance between di and ξi will be



very small. It can be even smaller than the precision of
a float/double system. When applying Newton-based
algorithms, the output ξi will be an infinite number
because the denominator will be a numerical zero. The
Bisection method does not have this drawback.

• It contributes to the robustness of the divide-and-conquer
algorithm due to its simplicity.

6. EXPERIMENTAL METHODOLOGY
We evaluate the performance of our new algorithm using

the following system configuration:

• CPU: Intel Xeon L5530 at 2.40GHz, with 8192KB cache.

• Memory: 12GB at 1066 MHz.

• Bus: PCI Express.

• GPU1: Nvidia GeForce GTX 480.

• GPU2: Nvidia Tesla C2050.

• GPU3: Nvidia Tesla M2070.

• OS: Linux version 2.6.32-41-generic.

• Compiler: GCC version 4.4.3.

We use double-precision in all of the experiments. For
each experiment, we choose at least five different random
size matrices with multiple runs, and report the average ex-
ecution time.

6.1 Baseline for Performance Comparison
We compare our algorithm with the following commercial

and open-sourced CPU/GPU libraries:

• LAPACK (ver. 3.4.1) has two top-level SVD routines
called DGESVD and DGESDD. They include both
QR-based (DBDSQR) and divide-and-conquer (DBDSDC)
routines for decomposing the bidiagonal matrix. LA-
PACK uses BLAS as its base linear matrix operations
library. In our test, we use DBDSDC as a baseline
and do not compare with DBDSQR since DBDSDC
is a divide-and-conquer algorithm, while DBDSQR is
not. In addition, DBDSQR is about 10x slower than
DBDSDC.

• Intel MKL (Math Kernel Library, ver. 10.3) is a com-
mercial linear software package based on LAPACK and
BLAS. MKL has much better performance than di-
rectly using LAPCK on Intel’s processors because In-
tel optimizes the library to use Intel-specific processor
features. MKLâĂŹs divide-and-conquer routine is also
called DBDSDC, but it provides multithreading sup-
port.

• CULA is an important commercial GPU library that
is optimized to NVIDIA’s GPU architecture. Unfortu-
nately, there is no routine for directly decomposing a
bidiagonal matrix. We use the top level SVD routine
culaDgesvd for general matrices. We cannot directly
measure the execution time cost for transforming a
general matrix to a bidiagonal matrix. According to
Gu [2], this part of the computation is about 60% to

70% of the overall execution time. In our test, we con-
servatively estimate this ratio to be 55%. Hence, we
assume that 55% of the execution time of the routine
culaDgesvd is spent computing the bidiagonal matrix.

• Sheetal’s method [3] is also used for comparison. We
simply use the experimental results presented in the
paper rather than implementing the algorithm our-
selves.

7. RESULTS AND ANALYSIS
We compare our new divide-and-conquer approach with

the major CPU and GPU libraries, and use profiling to ex-
plain the performance results. Then we experimentally show
that the Bisection method is the best approach for solving
the secular equation on GPUs. We also conduct experiments
to analyze the adaptability of our algorithm when changing
the threshold for the minimal size of the subproblems.

7.1 Performance Comparison
Figure 8 compares the performance of our approach with

the other existing libraries. While LAPACK’s divide-and-
conquer routine, DBDSDC, is much faster than commonly
used methods, such as Matlab and DGESVD of LAPACK,
MKL’s divide-and-conquer DBDSDC (which is the same
name as LAPACK’s) runs 2-3 times faster than LAPACK
on a single CPU core. This difference is due to the spe-
cific optimizations made for the Intel processor. CULA per-
forms only 4-5 times faster than LAPACK’s DBDSDC, and
it is slightly faster than MKL’s with one core. We believe
that this difference is because CULA uses a QR-iteration
approach. Even if it can achieve higher speedups than other
CPU QR-iteration based routines, such as LAPACK’s or
MKL’s DGESVD, CULA is not substantially better than
the CPU-based divide-and-conquer routines. Sheetal’s GPU
method runs slower than MKL’s DBDSDC routine with a
single CPU thread. We note that the device Sheetal used
was an S1070, which is an older GPU device. However, the
main reason for the slowdown is the use of the QR-iteration
algorithm. Our algorithm performs well when the matrix
size is larger than 2000, and is even faster than MKL with 4
CPU cores (8 hardware threads) when the matrix size grows
larger than 3000. As the matrix size further increases, our
algorithm can achieve even higher speedups. When the ma-
trix size is up to 14,000, our algorithm is 33 times faster
than LAPACK, 3 times faster than MKL with 4 cores, and
7 times faster than CULA executing on the same device.

Figure 8 also shows that the speedup of our algorithm
grows as the matrix size increases. For the largest size ma-
trix, our approach has better efficiency than with smaller
matrices. In order to explain this phenomenon, we profile
the performance of our implementation. Figure 9 shows the
execution times of the different types of operations compared
to the total execution time. We classify the operations into
three types: matrix multiplication, secular equation solving,
and others. It is clear that, when the matrix size is small,
most of the time is spent on other types of operations, in-
cluding data transfers, launching the kernel, synchronization
delays when dealing with minimal subproblem sizes, sorting,
and so on. These operations have little parallelism and are
not suitable for the GPU. The fraction of time spent do-
ing matrix multiplication with high parallelism is only 20%.
Solving the secular equation has high parallelism as each
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Figure 8: Overall Performance Comparison
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Figure 9: Execution Time Profile of the New Divide-
and-Conquer Algorithm

root is found using a separate thread. It only requires only
19% of the total execution time. Hence, the overall paral-
lelism is low when the matrix is small. When dealing with
the large matrices, however, the ratio of matrix multiplica-
tion and secular equation solving grows. When the problem
size grows to 14,000, matrix multiplication takes about 80%
of the total execution time, while solving the secular equa-
tion takes about 10%. Obviously, there is a great benefit
to executing these portions of the problem on the GPU. We
conclude that our algorithm is able to exploit substantial
parallelism when dealing with large matrices.

7.2 Performance of the Secular Equation Solver
In this section, we experimentally validate the selection of

the secular equation solver by comparing the performance
of the Bisection method with the most important optimized
Newton-based algorithm BNS and the Middle-Way method.
The experiments have been conducted on both the CPU and
multiple GPUs.
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Figure 10: Performance of the Secular Equation
Solver on the CPU

Figure 10 shows that both the Middle-Way method and
BNS are faster than the Bisection method. These results
are consistent with our previous analysis that the execution
time on the CPU depends on the average number of itera-
tions and the cost of each iteration. However, the situation
is totally different on the GPU. As shown in Figure 11, the
Middle-Way method and BNS do not have any advantage
when executed on the GPU. As the length of the equation
grows, their performance becomes even worse than the Bi-
section method. This result is due to several reasons. First,
as the number of terms in the equation grows, the need for
safeguarding grows. Specifically, there is a high probability
of requiring at least one safeguard step using the Bisection
method in a page. Second, no matter which algorithm is ap-
plied, if the result does not converge in an iteration, the pro-
gram needs to find the next approximate point. This step is
more expensive when using the Middle-Way and BNS meth-
ods. However, the Bisection method needs only one floating
point operation to calculate the middle point of the upper
and lower bounds. Third, if the memory to store all of the
threads’ context exceeds the available shared memory and
registers, the GPU will use global memory instead, which is
substantially slower than the block’s local shared memory.
Specifically, each GPU block has rather limited share mem-
ory and registers. For example, on GPU1, the total amount
of shared memory per block is 49152 bytes plus 32768 reg-
isters. Thus, the maximum local memory is sufficient for
only 10K double floating-point numbers. Finding the next
approximate point for both the Middle-Way and BNS meth-
ods [24, 25] requires substantial memory to store the pro-
gram context since they need to calculate two interpolation
functions and their first-order derivatives. Hence, in order
to avoid accessing the global memory frequently, we must
use fewer threads in a block for the Middle-Way and BNS
methods, which compromises the thread-level parallelism.
In contrast, the Bisection method uses a simple approach
to generate the next approximate point. Therefore, each of
its threads does much less work allowing more threads in a
block, which then makes better use of the GPU resources.
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7.3 Adaptability Analysis
To illustrate how the granularity of the divide-and-conquer

algorithm affects performance, we measure the execution
time required to solve a 6000-by-6000 element bidiagonal
matrix on GPU3. Figure 12 shows the relationship between
the granularity and the performance. It is noted here that
the granularity defines a threshold for the minimal size of the
subproblem, which is also the matrix size of a leaf node in the
task tree. From Figure 12, one can see that the performance
is sensitive to very large and very small divide-and-conquer
granularities, although it has a broad region of stable values
in between these extremes. For example, when the granular-
ity is 20 for the matrix size of a leaf node, there will be 512
leaf nodes that need to be handled by the CPU, 511 merg-
ing tasks on the GPU, and more than 512 data transfers on
the system bus. Most of these tasks are very small, which
leads to very low utilization of the system. At the other
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Figure 13: The best divide-and-conquer granularity
for different matrix sizes

extreme, when the matrix size of a leaf node exceeds 1500,
there is insufficient work to be performed on the GPU caus-
ing the CPU to become the bottleneck while executing the
LAPACK code. When this parameter is between 100 and
1000, the CPU and GPU tasks are well balanced. Similar
results are obtained when using the other GPU devices.

Figure 13 shows that the best granularity varies somewhat
with the size of the matrix. Fortunately, the best granularity
is typically between 500-1000 for the size of matrices tested.
We conclude that the algorithm performs quite well over a
broad range of granularity values on all of the GPUs.

8. CONCLUSION
We have presented a new divide-and-conquer algorithm

for a heterogeneous CPU-GPU system for solving singular
value decomposition (SVD). Compared with previous meth-
ods that use traditional QR-iteration methods with GPUs,
our approach has higher parallelism and better performance.
We have carefully designed our algorithm to match the math-
ematical requirements of SVD to the unique characteristics
of this heterogeneous platform. These design enhancements
include a high-performance solution to the secular equation
with good numerical stability, overlapping the CPU and
GPU tasks, and leveraging the CPU-GPU interconnection
bandwidth.

We have conducted extensive experiments to evaluate the
performance of this new approach. The results show that,
when using an Nvidia M2070 GPU, our algorithm is up to
33 times faster than LAPACK’s divide-and-conquer routine,
3 times faster than MKL’s divide-and-conquer routine with
4 cores, and 7 times faster than CULA on the same GPU
device.
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